In this work, we investigate the influence of mound roughness on the contact area between elastic bodies. The mound roughness is described by the r.m.s. roughness amplitude w, the average mound separation L; and the system correlation length z: In general, the real contact area has a complex dependence on the lateral parameters z and L: As a function of the contact length scale l; the contact area approaches macroscopic values rather fast for contact lengths l $ L and significant system correlation lengths z ($ L). Finally, as a function of the applied load s o the contact area increases significantly with increasing load if z $ L; while for z ! L it approaches macroscopic values even for very weak loads ( ! E; with E the solid body elastic modulus). q
Many real surfaces which are encountered in technological applications possess roughness over a wide range of lateral length scales, i.e. from millimetres down to nanometers. As a result when two solid bodies with macroscopically flat surfaces are brought into contact, the real contact area will only be a fraction of the apparent macroscopic contact area. Indeed, the real contact area can be thought as the area composed of asperities of one solid body, which are squeezed against asperities of the other body. These asperities can deform elastically or plastically depending on the material and loading conditions. At any rate, the determination of the real contact area is a fundamental problem with important technological applications, which include heat transfer phenomena between solid bodies, electrical transport, sliding friction, adhesive forces between solid bodies [1 -11] etc.
The real contact area can vary non-linearly with the loading force that pushes together two solid bodies. Hertz [12] proved that the contact area of two elastic bodies of quadratic profile varies non-linearly with the loading force F, namely /F 2=3 : However, for a fractal rough surface where small spherical humps are distributed on top of larger ones [13] , it was found that the real contact area varies linearly with applied load F. A similar conclusion was drawn from other studies where the roughness was approximated with asperities with spherical summits and a Gaussian height distribution [1, 2, 5] . The approximation of the asperity summits with paraboloids yielded a real contact area, which also varies linearly with weak applied loads [3, 4] .
The case of random self-affine rough surfaces, which is known to occur for many surfaces and interfaces [14 -23] , has been also investigated in contact phenomena [6 -10] . These studies described calculations of the real contact area for weak applied loads ( ! E; with E the elastic modulus), which, in addition, were based on extrapolations between asymptotic limits of the self-affine roughness spectrum. Under these conditions, it was shown that the real contact area A(l) at lateral length scale l varies as a power law AðlÞ / l 12H [9, 10] . The parameter H is the roughness exponent that characterises the degree of surface irregularity at short lateral length scales (, j; with j in-plane roughness correlation length). Further studies have shown that the dependence of the real contact area A(l) on the roughness exponent H is more complex (even for weak applied loads) depending also on the magnitude of the contact length l with respect the roughness correlation length j [24] .
So far, the studies with self-affine roughness are limited to roughness exponents 0 , H , 1, while the case H ¼ 1 requires more special attention since it represents a special category of roughness (besides that of the Gaussian roughness described by the correlation function ,e 2ðr=jÞ 2H with H ¼ 1 [21] ), which is the mound roughness. Indeed, during film growth on solid substrates, the growth front can be rough in the sense that multilayer step structures are formed [22,24 -31] . In this case the existence of an asymmetric step-edge diffusion barrier (Schwoebel barrier) inhibits the down-hill diffusion of incoming atoms leading effectively to the creation of multilayer step structures in the form of mounds [22, [24] [25] [26] [27] [28] [29] [30] [31] . Examples of mound roughness include the growth of Ag/Ag(111) by Vrijmoeth et al. and Heyvaert et al. [29, 30] , Cu/Cu(100) by Zuo and Wendelken [28] , Fe/Fe(001) by Strocio et al. [27] . In general, if during roughness formation the corresponding dynamic process leads to a particular wavelength selection, the corresponding morphology can be that of mound roughness [22, 23] . Therefore, in this work we will investigate the effect of mound interface roughness on the contact area between elastic bodies under conditions of frictionless contact.
Contact theory: For frictionless contact between two elastic solids with rough surfaces, the contact stress depends only on the gap shape between the solids prior to any loading [6 -10] . The system can be described by a flat elastic surface of Poisson's ratio n and elastic modulus E, which is in contact with a rigid body that has a roughness profile which reproduces the same undeformed gap between the surfaces [6] [7] [8] [9] [10] . The parameters E and n are related to the parameters ðn k ; E k Þ of the two elastic solids by the relation
Assuming only elastic deformation ðs yield ¼ þ1Þ; we obtain the ratio of the real contact area A(l) at lateral length scale l (if the surface was smooth on all length scales shorter than l) to that of the macroscopic contact area A(L) of size L [6 -10] by PðlÞ ¼ Ð Pðs; lÞds: P(s; l) is the stress distribution in the contact area with boundary conditions P(s ¼ 0, l) ¼ 0 and P(s ¼ þ1; l) ¼ 1. It has been shown that [9, 10] Roughness model: Calculation of P(l) from Eq. (1) requires the knowledge of G(l) and thus of the roughness spectrum CðqÞ: Mound rough surfaces have been described by the interface roughness amplitude w, the system correlation length z that determines how randomly the mounds are distributed on the surface, and the average mound separation L [22, 31] . In Fourier space the mound morphology can be described by [22, 31] CðqÞ ¼ 1 ð2pÞ
with I o ðxÞ the modified Bessel function of first kind and zero order. If z ! L the roughness reproduces behaviour close to that of Gaussian roughness which corresponds to roughness exponent H ¼ 1. Note that the correlation function CðrÞ for mound roughness has an oscillatory behaviour for z $ L leading to a characteristic satellite ring at q ¼ 2p/L for the roughness spectrum CðqÞ [31] . Our calculations were performed for macroscopic contact size L ¼ 100 mm, Poisson ratio n ¼ 0.3, and r.m.s. roughness amplitude w ¼ 1 nm and w # L; z (assuming nanometer scale roughness). The roughness amplitude w has a simple effect on the contact area so as its increment leads to contact area decrement because G(l) / w 2 (CðqÞ / w 2 ), while any complex dependence will arise as a function of the lateral length scales L and z: Fig. 1 shows calculations of the ratio P(l) ¼ A(l)/AðLÞ versus the contact length scale l for various values of z and L: For fixed system correlation length z and variable mound separation L (Fig. 1(a) ), P(l) and thus the real contact area A(l) increases with lateral length scale l and approaches values close to the macroscopic area (P(l)<1) for l . 2L as long as z , L , 4z: For relatively small average mound separations L (,z), the contact area reaches very fast a macroscopic value. Indeed, as a function of the system correlation length z for fixed L (Fig. 1(b) ), the contact area reaches gradually the macroscopic value if z ! L; while with increasing z the increment of the contact area is limited by the value of the average mound separation L:
In order to understand the behaviour of P(l) one has to follow the behaviour of G(l) as a function of z and L (Fig.  1(c) ). From Eqs. (1) and (2) will diminish faster G(l) (Fig.  1(c) ) and thus will lead faster to a macroscopic value for the contact area (P(l),1) . For the case of Gaussian roughness or L q z; we obtain the simple analytic result
For l ! z; Eq. (4) yields the asymptotic value Gðl ! 6Þ ø ½E=ð1 2 n 2 Þs o 2 ðw 2 =26 2 Þ which is independent of the contact length scale l: In the opposite limit l q z; we obtain the simple result Gðl ! 6Þ ø 24 2 L 24 Þ with l #L. Furthermore, if we plot PðlÞ as a function of the average mound separation L (Fig. 2(a) ) a rather complex behaviour develops where the contact area has values close to the macroscopic one for l q z: However, for z comparable or larger than the contact length l; the ratio P(l) and thus the contact area A(l) decreases with further increment of the average mound separation L: Similar complicated situation is revealed for P(l) as a function of the system correlation length z for various mound separations L shown in Fig. 2(b) . Physically, as the average mound separation L increases the ratio l/L (for fixed contact length l) decreases which favours lowering of the contact area, while increment of L (for fixed roughness amplitude w) leads to surface smoothening which favours larger contact area. The competition between these processes lead to the minimum observed in Fig. 2(a) for large system correlation lengths z (< l). However, for z ! l there is no any minimum and the contact area decreases with increasing mound separation L:
Up to now we have considered rather weak applied loads so that E=s o ¼ 30 in order to focus mainly on the morphology effects. Next, we investigate the dependence of P(l) on the applied load s o . As Fig. 3(a) indicates, for average mound separations L smaller than the system correlation length z; the contact area has a macroscopic value even for very weak loads (s o ! E) where linear behaviour is expected [9, 10] . For weak loads (s o ! E) and G(l) q 1 we obtain PðlÞ < 1= ffiffiffiffiffiffiffiffi pGðlÞ p which yields P(l)/s o /E since GðlÞ / ½E=s o 2 [9, 10] . Furthermore, with increasing average mound separation L so that L . z; the linear regime starts to appear for s o ! E, and saturation (contact area with macroscopic value) commences for higher loads with increasing L up to the point L < l: Fig. 3(b) shows in more detail the effect of the applied s o for L ¼ z where clearly saturation occurs very fast (for contact length scales l . L) for high applied loads in the range 0.1 , s o /E , 1.
In conclusion, we investigated the influence of mound roughness on the real contact area between elastic bodies bounded by rough surfaces. The mound roughness is described by the r.m.s. roughness amplitude w, the average mound separation L; and the system correlation length z: In general the real contact area has a complex dependence on the morphology parameters z and L: As a function of the contact length scale l; the contact area approaches macroscopic values rather fast for contact lengths l $ L and significant system correlation lengths z $ L: Finally, as a function of the applied load s o the contact area increases significantly with increasing applied load for z $ L; while for z ! L it approaches macroscopic values even for very weak loads ( ! E).
